A Polynomial Upp er Bound for a
Mutation-Based Algorithm on the
Tw o-Dimensional Ising Mo del

Simon Fischer

FB Informatik, LS2, Univ. Dortm und, 44221 Dortm und, Germany
simon.fischer@cs.uni-dortmun d.de

Abstract.  Fitness functions basedon the Ising model are suited excel-
lently for studying the adaption capabilities of randomised seard heuris-
tics. The one-dimensional Ising model was considered a hard problem
for mutation-based algorithms, and the two-dimensional Ising model was
even thought to amplify the di culties. While in one dimension the Ising
model doesnot have any local optima, in two dimensionsit does.Here we
provethat a simple searc heuristics, the Metrop olis algorithm, optimises
on averagethe two-dimensional Ising model in polynomial time.
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1 Intro duction

In 1925, Ising [4] developed the Ising model in order to study the e ects of
ferromagnetism. Naudts and Naudts [5] introduced a class of interesting t-
nessfunctions basedon this model to the genetic algorithm community. In its
most general form the tness function is de ned on colourings of the vertices
of weighted, undirected graphs. Given an undirected graph G = (V;E) and a
weight function w : E 7! R, the tness of a colouring is de ned as the sum of
the weights of all monochromatic edges,i. e. edgesconnecting vertices of equal
colour. This function is to be maximised. In its generalform, the Ising model is
NP-hard, though there exist quite e cien t algorithms for this problem [6].

In this article we usethe constart weight function 1 for all edgesand two
colours 0 and 1, which yields a trivial optimisation problem, but an interesting
tness function for the investigation of the adaption capabilities of randomised
seard heuristics. While nowadays GAs and seard heuristics are mainly usedas
optimisers (seee.qg. [2]), they were designedas adaption systemsby Holland [3].

In general,most of the graphs are of no interest as regards physics. Here, we
focus on a two-dimensional Ising model, or torus, which is { from a physicist's
point of view { the most relevant one. Usually, a torus is de ned as a set of
verticesplacedon a X Y -lattice with edgesconnecting horizontal and vertical
neighbours plus the wrap-around edgesconnecting vertices in the last column
(row) with the vertex in the rst column (row) of the samerow (column), respec-
tively. Here we also use diagonal edges,which is natural sincethe Ising model



was designedas a model for the behaviour of interacting particles, where the
strength of the interaction decreaseswith distance. Throughout this paperpwe
will restrict ourselvesto quadratic toruses,i. e.with n verticesand X = Y = " n.

GA experiments on the one-dimensionallsing model and similar tness func-
tions have beenreported by Van Hoyweghen[7] stating that \the Ising model
can be seenas an archetypical problem where symmetry prevents an unspecial-
ized GA from solving the problem quickly." Similar statemenrts can be found
in [8] and [9].

We aim to analysea randomisedseard heuristics on the torus. It is easyto
seethat there exist non-optimal colouringsfrom which a hill climber can hardly
escape. Imagine a torus coloured 1 in the upper half and 0 in the lower half.
Flipping only a few bits, the tness can only decrease,since the ipping bits
must produce islands or derts, introducing new non-monochromatic edges.In
this situation hill climberslike the (1+1)EA have exponertial waiting time. The
simplest non-hill climbing selectionstrategy is usedby the Metrop olis algorithm:

1. Among all colourings of V, choosex uniformly at random.
2. Repeat
(a) Create x° from x by ipping the colour of a single vertex selecteduni-
formly at random.
(b) Replacex by x°with probability eminfo:(f () f0)=Tg,

For T ! 0 the algorithm newver acceptso spring with lesser tness and becomes
randomisedlocal seard (RLS). We apply a local seart operator, which is com-
mon for the Metropolis algorithm. Using a global seard operator that ips ead
bit with probability 1=n independertly, as is usually done for ewolutionary al-
gorithms, would also be possible.While the analysis giveslittle further insight,
using global mutation in ates a tedious casedi eren tiation to seweral pages.

A step ipping exactly onebit canchangethe tness by at most 8, sinceeat
vertex hasexactly 8 neighbours. If we setthe parameterT to  2=In pr for some
pr 2 [0; 1], the probability of accepting a step decreasingthe tness by i is at
most p'Tzz. We will usethis fact to limit the number of tness-decreasingsteps.

Section2 intro ducescharacteristic properties of colouringswhich decidewheth-
er or not it is easyto improve the tness. Section3 and 4 deal with two classes
of colourings which do not require acceptanceof individuals with lesser tness.
Section 5 will describe how the algorithm can escape from the local optima we
already mertioned. We nish with someconclusions.

Please note that in all imagesin this article vertices are represeried by
squares.Gray indicates colour 1, white indicates colour 0.

2 Structure of the torus and sketch of analysis

The optimisation processcan be seenas a struggle betweenthe two colours. A
connectedarea can dominate another area, if it surroundsit completely. We will
show that islands being surrounded by vertices of the other colour shrink and
nally vanish. As this happens,the tness increasesfrom time to time. At their



outermost borders, islands are delimited by blocks which can grow and shrink,
where shrinking is at least as probable as growing. We can describe this process
as a random walk of the block length. When there are none of these blocks or
derts left, the colouring consistsof rings winding around the torus onceor more,
and there is no dominating colour. Still the sizeof a ring may vary and perform
a random walk, unlessall of the borders of the ring are exactly parallel to edges.
This is the only situation in which tness decreasingstepsare necessary

We will now give formal de nitions of these notions. If we placethe vertices
of the torus in a lattice, we can talk about neighboured vertices using the terms
\left", \right", \ab ove", and \b elow". With respectto a directed path p, we can
alsotalk of neighbours of path verticesasbeing situated left or right of the path.

De nition 1 (Border). LetG = (V;E) beatorusand C V a maximal
connected set of vertices coloured c. A path p is called border of C if all vertices
of p lie in C and all vertices left of p do not lie in C and p cannot be extendel
without violating the rst two conditions.

With respect to the lattice all edgesin p can be assignel a vector from
f 1;0; 1g? specifying its direction in the lattice. The path p is called x-monotone
(y-monotone) if for all edgesin p the x-component (y-component) of the vector
asseiated with the edgeis either always non-negative or always non-positive. p
is called monotoneif it is x-monotone and y-monotone. Otherwise p is bert.

Since the torus is nite, all borders are Io|8ps. Note that monotone borders
meet their starting point after making, e.g.,  n stepsup and running into their
starting point from below. This is why we call the areasdelimited by monotone
borders\rings."

We will now de ne two promising classesof colourings. The rst de nition
is straightforward and coversthe dents or blocks delimiting an island while the
secondde nition covers special cases.

De nition 2 (Delimiting block). Let G = (V;E) beatorusand B V a
connected set of vertices situated on a horizontal or vertical line in the lattice.
Let N be the setof verticesthat are neightwurs of B -verticessituated in any xed
half-plane de ned by this line. B is called a delimiting c-block of length jBj, i
all verticesin B are coloured ¢ and all verticesin N are coloured 1 c.

Since the outermost vertices in a delimiting block B have at least four neigh-
boursthat are coloured complimentarily , theseverticescan always ip and hence
decreasethe size of B. Possibly the block can grow, but the probability of this
evert is at most aslarge asthe probability for shrinking, if jBj 2.

In the rst part of the analysis we want to show that bent borders vanish
leaving only rings behind. We do soby showing that the tness increasesaslong
aswe have delimiting blocks. Unfortunately, not all colouringswith bent borders
do also contain delimiting blocks. In a chederboard-like colouring, borders run
courter-clockwisely around the individual elds and are therefore bert, though
not cortaining any delimiting blocks. Despite of this, it is not hard to improve
the tness by ipping vertices near the corners, where borders intersect eath
other. We will shaw that for subgraphsof this type tness improvemert is easy



De nition 3 (In tersection). In a coloured torus the following sulgraphsand
their horizontal and vertical miragesas well as rotations are called intersection:

101 100 101
Typeligyy  TYR241p  TYR3 g,

We will show that in a colouring with bernt bordersthere must exist at least one
delimiting block or an intersection. In both casesa tness improvemern is easy

Sincewe will frequertly encourter random walks, we will start by providing
for an important tool heavily usedthroughout the analysis. Here we considera
Markov chain that is \at least fair."

Lemma 1. Consider a Markov chain with transition probabilities p(i; i + 1)
1=2andp(i;i 1)=1 p(i;i+ 1) 1=2. Starting at state 0 the probability of
reaching a state m  n after at most cn? stepsis bounded below by a positive
constant, given that c is large enough.

Proof. Among the N = cn? stepsthe probability that the number X of steps
that decreasethe position equalsk is P(X = k) ﬁ 2 ". The maximum
of this term is readched for k = N=2 and by Stirling's formula it is bounded
from above by aN 172 for an appropriate a. Since P (X = k) is decreasingleft
and right of the maximum, the probability of deviating by more than n=2 from
N=2 is bounded above by the product n=2 aN =2 = (na)=(2cn?) = a=(2' ©).
Conversely the probability that X is at Ilgast (1=2)N + (1=2)n, meaningthat we
reachastatem n,isatleastl a=2 n) "> 0if cislarge enough. t

As our secondmain technique, we shaow that it is sucient to nd a tness-
increasingmutation sequencef constart length to bound the succesgprobability
within O(n) stepsby a positive constart from below.

that jNj = O(1). SinceRLS doesnot accept tness decreasingsteps, we do not
have to care about steps modifying vertices outside N. A mutation ipping v;

(jNj+ 1) I "> 0. The expectedtime for O(1) xed bits to ip isO(n).

3 Delimiting Blo cks and Intersections

In this section, we will prove that bent borders can ensurea tness gain within
0O(n?) steps. Therefore we shaw that, wheneer there are bent borders, there
are also delimiting blocks or intersections. In this as well as in the following
section we analyseRLS instead of the Metropolis algorithm, becauseit is likely
to behave like RLS if pr is small.



Lemma 3. If there existsa bent border within a colouring of a torus, there also
exists a delimiting black or an intersection.

Proof. W. . 0.g. the border is not y-monotone and coloured 1. Then there must
exist a path section starting with a non-zeroy-componert ys and ending with
a non-zeroy-componert y; = Vs, where the edgesin between all have zero
y-componerts. W.l.0.9.ys = 1andy; = 1. The path section hasthe form

(Xs;+1) 5 (xn; 0);:25 (Xn; 0); ( Xn3 0);225 (0 Xns 0); (xes 1)
The ( Xp;0) edgesare usually absert. There are two cases:

1. x, = +1, i. e. the path is bent to the right. Sinceall verticesleft of the path
are coloured0, the verticesin the horizontal sectionform a delimiting block.

2. Xp = 1,i.e.the path is bent to the left. The vertices below the horizontal
part of the border are coloured 0 and are a delimiting block candidate. Their
upper, left, and right neighbours are border vertices and coloured 1, as is
required by the de nition of the delimiting block. However, the diagonal
neighbours of the outermost O-verticesare not necessarilycoloured 1. If they
are not, we have found an intersection.

In the image,we seea border (arrow) and atype 2 intersection (heavy frame).
Type 1 and 3 are possible,if the length of the horizontal path sectionis 1.

Hence,a bent border contains at least one delimiting block or intersection. ti

Wewill useLemma2to show that tness improvemerts are probable for all three
typesof intersectionsand for all situations, in which certain types of \failures"

can occur during the random walk of the block length, which is analysedusing
Lemma 1.

Lemma 4. If the current colouring contains an intersection, for RLS the prob-
ability of increasing the tness within a phaseof O(n) stepsis bounded below by
a positive constant.

Proof. For all three types of intersections we will show that a sequenceof not
more than four mutations can increasethe tness by two, which, by Lemma 2
su ces to provethis lemma.In the following images,intersectionsare surrounded

by heavy frames. The colouring of the neighbourhood results from considerations
below.

Typel Type 2 Type 3
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Type 1 intersections. v hasfour xed 1-neighbours. Either v° can increasethe
tness or the remaining three vertices w, w° and w® above v° are coloured 0.
Similarly, either v can increasethe tness or all three vertices x, x% and x®left
of v are coloured 1. If u and v° ip subsequetly, the tness increases.

Type 2 intersections. By de nition of the intersection, the 1-vertex v hasat least
one xed 1-neighbour. Either v canincreasethe tness or it hasthree additional
1-neighbours. Since the O-vertex and v-neighbour v° already has three xed 1-
neighbours, it can either increasethe tness or it may only have one additional
1-neighbour. Hence, at most one of the vertices w and w® may be coloured 1.
Then at least two of the left neighbours x, x° and x°°of v must have colour 1.
Sincethe situation is symmetrical, the sameholds for the vertices below and left
of u: Either u or u® can increasethe tness or at least two of the three vertices
left of u are coloured 0. Hence,exactly one of the vertices x° and x°are coloured
1 and the other is coloured 0, while x is coloured 1 and x°%s coloured 0. Now
v can ip and u®getsa fth 0-neighbour. Flipping u®increasesthe tness.

Type 3 intersections. By de nition of the intersection v e of the neighbours of
vPhave a xed colour. There are three cases:

1. vPhas v e or six 1-neighbours. vP can ip and increasethe tness.

2. All of the remaining neighbours of v° are coloured 0 and hence,v° has three
1-neighbours. Then the three 1-vertices of the intersection v, u® and v®can
ip subsequetly and increasethe tness.

3. v? hasexactly four 1-neighbours. We can place the remaining 1-neighbour of
v0 above the intersection at positions w, w® and w® Let w 2 fw;w%woy
be this 1-neighbour of v°. Becauseof symmetry we can neglectthe casethat
w = w% Sofar, three of the neighbours of v are xed to colour 0. If v has
v e O-neighbours, it can increasethe tness. Otherwise, at least two of the
three remaining v-neighbours x, x° and x®left of v are coloured 1. If both x°
and x®are coloured 1, the vertices u and v° can increasethe tness if they

ip subsequetly (becausev®hasthe 1-neighbour w ). If at most one of the
vertices x° and x®is coloured 1, then v and u® can ip now. If w = w?, it
canalso ip. Finally, v®has v e 0-neighbours and can increasethe tness.

For all three typesof intersectionsand all possible colourings of neighbours we
found sequence®f not more than four single-bit-mutations. t

Lemma 5. If the current colouring contains a delimiting block, for RLS the
prokability of increasing the tness within a phaseof O(n?) stepsis bounded
below by a positive constant.

Proof. We have already seenthat the outermost vertices of the delimiting block
can always ip and decreasethe block length by 1. Pessimistically, we assume
that the outer neighbours of these vertices can also ip and enlarge the block
length by 1. Unfortunately, there are somemutations which ip the neighbours of
our block suc that it losesits property of being surrounded by complemenary



vertices. This event F is referredto asa \failure." We will show that the failure
probability is not much larger than the probability of increasingthe tness ahead
of time, which is referredto asevert E. The phaseterminates after O(n?) steps
or whenthe event E [ F occurs. We will show that P(EJE[ F) "> 0.

For now, let us take this inequality for granted and ignore all everts from
F. The block length performs a random walk where shrinkiBg is at least as
probable as growing, if jBj 2. Sinceit cannot grow beyond " n, by Lemma 1
O(n) essetial steps,i. e.stepschangingthe block length, su ce to reduceit to 1
with positive constart probability. The probability of an essetial stepis at least
1=n. Hencewith positive constart probability there is a su cien tly large number
of essetial stepsamong a phase of cn? stepsif c is large enough. If jBj = 1,
the probability of increasingthe tness by ipping the single vertex within O(n)
stepsis at least a positive constart. Multiplying all successprobabilities still
yields at least a positive constart.

The only thing left to doisto nd a lower bound for P(EJE [ F). In order
to do so, we apply the techniquesusedin the treatment of intersections. We will
show that, whene\er a failure is acceptable,there exists a sequenceof mutations
increasingthe tness. W. I. 0.g. our delimiting block hascolour 1 and is horizon-
tal. Let B denotethe set of vertices belongingto the block and let N denotethe
neighbours of B which are required to have colour 0.

There are two types of failures: First, a B-vertex can ip. However, this
subdivides our block into two which is actually a shortening of B. Second,a
vertex in N can ip. Denote the leftmost vertex of B by v and denote its right
neighbour by v°. There are v e dierent locations for an N -vertex: above one of
the inner vertices of B (this coversactually jBj 4 locations), above v, above
v, left above v, and left of v (plus the locations at the right courterparts of v
and v° respectively).

Before analysing the v e caseswe make a preliminary remark: By de nition
of the delimiting block, v has at least four 0-neighbours. If any of the three ver-
tices below v has colour 0, v can ip and increasethe tness. Knowing that, we
only have to cover colouringsin which all lower neighbours of v are coloured 1.
Furthermore, we can assumethat the block length is at least 5. Otherwise, the
mutation sequenceipping thesevertices subsequetly can increasethe tness.

Denote the row of the block by row 0, the row above by row 1, etc. (Apart
from v and v°the scope of all namesassignedo verticesin the casedi eren tiation
below is limited to the casethey are de ned in.)

WO
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1. A vertex w above an inner vertex (i. e. not v or v0 of B ips. This stepis
only acceptableif w hasat least one 1-neighbour w®in row 2. Now there is a
0-vertex u in row 1 which is a neighbour of both w and w®. Sincev is located
above an inner vertex of B, u also has three 1-neighbours from B in row O.
Altogether, u has v e 1-neighbours and can increasethe tness.

2. The vertex w above V0 ips. This caseonly diers from the rst case,if the
1-neighbour w® of w in row 2 is in the column of v. Then we have a type
1 intersection (rotated by 90 ) and we found a tness-increasing mutation
sequencesequencdn the proof of Lemma 4.

3. The vertex w above v ips. By de nition of the delimiting block, two neigh-
bours of w are xed to colour 1 and three are xed to 0. In order for this step
to be acceptableit is necessarythat at leasttwo of the three w-neighboursin
row 2 (hatched) are coloured 1. In particular, oneof the two verticesdirectly
above and right above w must be coloured 1 which meansthat the 0-vertex
u right of w has v e 1-neighbours and can increasethe tness.

. The vertex w left above v ips. Again, this is a rotated type 1 intersection.

. The vertex w left of v ips. We have a failure i the vertex u left of w or u°®
left above v is coloured 1. There are two cases.

(&) u is coloured 1. We analysethe situation before the ip of w. Including
u, four of the neighbours of w are xed to colour 1. Either the ip of w
increaseghe tness or its remaining neighbours are coloured0. A similar
argumert holds for the remaining three neighbours of u. In this situation
w and the vertex below u can ip subsequetly and increasethe tness.

(b) u®is coloured 1. Furthermore, u is coloured O (otherwise we are in case
1). Independertly of the colour of the the vertex w° below u, again, we
have a type 1 intersection rotated by 90 .

(G20

Altogether we found tness increasing mutation sequenceghat have a proba-
bility of at least e > 0 in O(n) steps for all situations in which failures are
acceptable.Sincethe probability of the failure happening in the sametime is at
most 1, we have P(EJE[ F) == > 0, nishing the proof. u

e+l

4 Random walk of rings

We have seenthat bernt borders vanish and we are left with rings delimited by
monotone bordersor stairs. Usually, the sizeof rings can perform a random walk
and nally vanish, which is stated by the following lemma. However, there are
special rings which cannot grow or shrink without decreasingthe tness. We call
theserings and their borders\stable" and analysethem in Section5.

De nition 4. A monotoneborder p is called stable if all edgesin p haveexactly
the samedirection, i. e. all edgesare horizontal, vertical or diagonal.

Lemma 6. If the current search point doesnot contain any stablebordersand is
non-optimal, then for RLS the prokability of increasing the tness within O(n?)
stepsis bounded below by a positive constant.



Proof. If we ever reach a colouring with bent borders, Lemmas4 and 5 together
with Lemma 3 state that we reach our goal of increasing the tness within
O(n?) stepswith positive constart probability. In the following we assumethat
the current seard point is non-optimal and that there exists a monotone, but
not stable border. We show that the optimum is reached within cn?® stepswith
positive constart probability.

Let C be a monochromatic areadelimited by monotone bordersthat are not
stable. Without decreasingthe tness wemay only ip verticeswith at leastfour
neighbours of complemenary colour. Along monotoneborders, theseverticesare
the corner vertices of stepsas depicted below. Here, v and w can ip.

\W

Vv

If the step has length at least 2, both corner vertices can change their colour,
one of them increasingjCj and one decreasingjCj. For every step of the stair we
nd one such pair of vertices. The number of possible jCj-decreasingand jCj-
increasing steps is therefore identical and jCj performs a random walk. If the
stepis part of a stable subsectionof the border, thesevertices cannot ip. Since
there is at least one step which is not stable, the probability of an essetial, i. e.
jCj-changing step is at least 1=n. By Lemma 1, cn? essetial stepssuce for jCj
to shrink to O (which increaseghe tness) with positive constart probability if ¢
is large enough,which it is (again with positive constart probability) if we wait
c™? stepswith c®a constart large enough. u

Tabing into accourt that stairs typically have P n stepswe could save a factor of
O(" n). Howevwer, this would require us to show that not many of the stepsare
stable. The following theorem states that it is possibleto transfer our previous
results on RLS to the Metropolis algorithm.

Theorem 1. Within O(n*) steps, the Metropolis algorithm nds an optimum
or a colouring without bent borders, if pr = O(n 3) is su ciently small.

Proof. From Lemmas 4, 5, and 6 we know that RLS increasesthe tness by
at least 2 within O(n®) stepswith positive constart probability p., aslong as
the colouring doesnot ertirely consist of stable rings. Also, by our choice of pr
the probability that the Metropolis algorithm behaves exactly like RLS within
O(n?) stepsis bounded below by a positive constart pr.s Which can be chosen
arbitrarily closeto 1. A phaseendsafter O(n?®) stepsor whena tness decreasing
step is accepted.The expected tness gain in ead phaseis bounded below by

Pris P+ 2+ pris (I ps) O (1 prs) 8

since the tness can decreaseby at most 8 in one step. Choosing pr.s large
enough, both expectation value and the probability of observinga positive con-
stant tness gain are bounded below by a positive constart.

The tness performs a random walk with a positive constart bias. Since
negative stepsare limited by 8 the expected number of phasesuntil the tness



reaches its maximum of 4n is at most O(n). The probability of observing at
most this number of phasesis also a positive constart. Multiplying with the
phaselength O(n?) yields a total number of O(n*) steps.

Theseargumerts hold as long as bent borders exist. If bent borders vanish,
we accomplishthe theorem ahead of time. ti

5 Escape from rings

In the precedingsectionswe did not make use of the property of the Metropolis
algorithm of accepting seard points with lesser tness. Contrarily , we avoided
it. Here we usethis property for escapingfrom stable rings.

Theorem 2. The expected optimisation time of the Metropolis algorithm with
pr = (n 3) small enoughis bounded alove by O(n*°).

Proof. By Theorem 1 we know that the expected number of stepsfor reaching
a colouring in which all borders are stable is bounded above by O(n*). Then all
mutations decreasethe tness. We start the phaseby waiting for a step ipping
a vertex near the border of a ring. The expectedtime until a step is acceptedis
hencepTl. The probability that the vertex ipp ed in this step hi[Bs a border is
at least n 72 sincethe length of a monotone border is at least ' n. If it does
not hit a border it is likely to ip badk before anything elsehappens. For now,
let us assumethat all bits ipping without hitting a border ip badk beforethey
causeany harm. Furthermore let us assumethat no tness decreasingstepsare
acceptedwithin the phasedescribed in the next paragraph.

Here we describe the caseof a horizontal or vertical ring, but it should be
clear that diagonal rings can be treated in exactly the samemanner. The tness
decreasingmutation pdoduced a delimiting block, or rather two: one of length
1 and one of length " n 1. As we already know, the outer vertices of the
blocks can ip lengthening or shortening it without decreasingthe tness. With
probability 1=3 the single-vertex block doesnot ip badk to its original state
before growing to length 2. When the length of the block is at least 2, growing
is at least as probable as shrinking and we can apply Lemma 1 again tB obtain
a positive constart lower bound on the probability of reaching length ™ n, and
thereby changing the thicknessof the original ring by 1, within N = cn steps,
¢ sucien tly large. However, now we may not reach length 1 or O in between,
which seemsvery probable. We can calculate the suc§essprobability by applying
the Ballot Theorngn [1]. Giventhat there are N=2+ = n=2 stepslengthening the
block and N=2 n=2 stepsshortening it, the probability that the block never
is shorter than 2 is

(N=2+
(N=2+

=2) (N=2
:2)+ (N:2 =

W T

n
n

which is small, but not too small. In order to provide for cn essetial steps
with positive constart probability we needch? steps,cC large enough. The total



length of the phaseis dominated by the O(n3) steps for waiting for the initial
creation of the dent. Multiplying with the inverseof the successrobability, we
obtain O(n’=?) as a lower bound on the expected number of stepsfor changing
the thicknessof the ring by 1.

As we see,the thicknessof the ring does now perform a random walk. In a
colouring with i rings there exist% by the pigeonhole principle, at least onering
with thicknessnot greaterthan b™ n=ic. Again, we apply Lemma 1 to retrieve a
po?)itivze constart lower bound on the probability for this ring to vanish within
O(" n°=i?) phases.This we call a meta-Bhase.AItogether, the expected length

of a meta-phaseis bounded above by O(" n°=i2) O(n72) = O(n%32=}?).

We still have to treat situations in which tness decreasingmutations other
than those described above are accepted.As long as verticesthat decreasedhe
tness are isolated, they can always ip badk which happens with probability
1 O(n 2) beforethe next step decreaseghe tness. If it doesnot, there are
four possibilities:

1. The ipping vertex never interfereswith the processdescribed above.

2. The ipping vertex collides with a delimiting block which is performing its
random walk. The probability that a tness decreasingvertex ips duringpthe
O(n>=2) stepsof the phasein which there exists a delimiting block (O(" n)
trials with O(n?) stepsead) and that it is nearthe border is at most O(n°=2
n 3 n ¥2) = O(n ). The probability that this happensat least oncein a
meta-phase(of at most O(n=i?) = O(n) phases)is at most O(1) which is a
constart smaller than 1 if py is small enough.

3. The ipping vertex connectstwo rings. This is not a failure, but it is precisely
what we are waiting for. With a similar argumernt we can concludethat with
error probability o(1) the width of the bridge is at most a constart. Then,
a sequenceof a constart number of acceptable mutations can increasethe
thicknessof this bridge and the tness. The expectedtime for this to happen
is bounded above by O(n). Steps decreasingthe width of the bridge also
decreasdahe tness and henceare not acceptedwith probability 1 O(n 372)
within O(n37?) steps which is the expected time necessaryfor lling the
entire areain betweenthe former rings now connectedby the bridge.

4. There aretwo or more competing bridgesat a time, i. e.one 1-bridge connect-
ing ring A and B and a 0-bridge bypassingone of the rings A and B. Given
that there is one bridge presen, we have seenthat the phaseterminates
within O(n37?) stepsis bounded below by a positive constart. The proba-
bility that within this time a secondbridge (for which a tness decreasing
step is necessary)ewlves, again, is bounded by O(n 3%?).

When a meta-phaseis successful,it increasesthe tness by at least 2p n. Al-
together, this happens with positive constart probability. Whenewer a failure
occurs in a meta-phase,we know from Theorem 1, that within O(n*) steps, a
situation with stable rings is restored, and that within this time the expected
tness gainis positivepAItogether the expected tness gain of the meta-phaseis
bounded below by (" n). Summing up the lengths of the meta-phasesfor all



valuesof i we retrieve an expected optimisation time of

n
O(n9=2=i2) - O(n4:5)
i=1
StepS. u

6 Conclusion

The two-dimensionallsing model is an interesting model for the investigation of
adaption processeswith spatial interaction. We have proved that even a simple
mutation-based seard heuristic is able to leave local optima and convergeto a
global optimum within polynomial time by the meansof arandom walk argument
on seral levels. This is a surprising result since mutation-based algorithms
were thought to be very slowv even on the one-dimensionallsing model which
can be seenas a subproblem frequertly solved during the optimisation of the
two-dimensionallsing model.
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