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Abstract. We study integrated prefetching and caching in single and
parallel disk systems. A recert approach used linear programming to
solve the problem. We show that integrated prefetching and caching can
also be formulated as a min-cost multicommo dity o w problem and, ex-
ploiting special properties of our network, can be solved using combinato-
rial techniques. Moreover, for parallel disk systems,we develop improved
approximation algorithms, trading performance guarantee for running
time. If the number of disks is constant, we achieve a 2-approximation.

1 Intro duction

In today's computer systemsthere is a large gap between processorspeedsand
memory accesstimes, the latter usually being the limiting factor in the per-
formance of the overall system. Therefore, computer designersdewote a lot of
attention to building improved memory systems,which typically consistof hard
disks and assaiated caches. Caching and prefetching are two very well-known
technigues for improving the performance of memory systemsand, separately
have beenthe subject of extensive studies. Caching strategiestry to keepactively
referencedmemory blocks in cadhe, ignoring the possibility of reducing processor
stall times by prefetching blocks into cadhe beforetheir actual reference.On the
other hand, most of the previouswork on prefetching tries to predict the memory
blocks requestednext, not taking into accourt that blocks must be evicted from
cadein order to make room for the prefetched blocks. Only recerily researters
have beenworking on an integration of both techniques[1{5, 7].

Cao et al. [3] and Kimbrel and Karlin [7] introduced a theoretical model for
studying \In tegrated Prefetching and Caching" (IPC) that wewill alsousein this
paper. We rst considersingle disk systems.A set S of memory blocks resides
on one disk. At any time a cade can store k of these blocks. The system must
serwe arequestsequence = (1);:::; (n), whereead request (i), 1 i n,
speci es a memory block. The serviceof a requesttakesone time unit and can
only be accomplishedif the requestedblock is in cade. If a requestedblock is
not in cade, it must be fetched from disk, which takes F time units, where
F 2 IN. If a missing block is fetched immediately beforeits reference,then the
processorhasto stall for F time units. However, a fetch may also overlap with
the serviceof requests.If a fetch is started i time units beforethe next reference



to the block, then the processorhasto stall for only maxfO; F ig time units. In
casei 1, we have a real prefetch. Of course,at most one fetch operation may
be executedat any time. Once a fetch is initiated, a block must be evicted from
cadein order to make room for the incoming block. The goalis to minimize the
processorstall time, or equivalertly the elapse time, which is the sum of the
processorstall time and the length n of the requestsequence.

In parallel disk systemswith D disks we have D sets of memory blocks
Si;::::Sp, where Sy is the set of blocks that resideondiskd,1 d D. We
assumethat ead block in the systemis located on only one of the disks. The
main advantage of parallel disk systemsis that blocks from di erent disks may
be fetched in parallel. Thus if the processorhasto stall at somepoint in time,
then all the fetchescurrently being active advancetowards completion. If a fetch
is initiated, we may evict any block from cacde, which correspondsto the model
that blocks are read-only. Again the goalis to minimize the processorstall time.

Cao et al. [3,4] studied IPC in single disk systems.They presened simple
combinatorial algorithms, called conservative and aggessive that run in polyno-
mial time and approximate the elapsedtime. Conservative achievesan approxi-
mation factor of 2, whereasaggiessiveachievesa better factor of minf 2; 1+ F=kg.
Karlin and Kimbrel [7] investigated IPC in parallel disk systemsand preseried a
polynomial-time algorithm whoseapproximation guarantee on the elapsedtime
is (1 + DF=K). In [1] Albers, Garg and Leonardi developed a polynomial-time
algorithm that computesan optimal prefetching/caching schedulefor single disk
systems.For parallel disk systemsthey developed a polynomial-time algorithm
that approximates the stall time. The algorithm achievesan approximation fac-
tor of D, using at most D 1 extra memory locations in cade. All the results
preseried in [1] are basedon a linear program formulation.

In this paper we show that IPC in single and parallel disk systemscan be
formulated as a min-cost multicommodity ow problem and, exploiting special
properties of the network, can be solved using combinatorial methods. These
results are presered in Sec.2. We rst investigate the single disk problem. We
describe the construction of the network and establishrelationships betweenmin-
cost multicommodity o ws and prefetching/caching schedules.We prove that a
combinatorial approximation algorithm by Kamath et al. [6] for computing min-
cost multicommodity o ws, when applied to our network, computesan optimal
prefetching/caching schedule in polynomial time. We then generalizeour multi-
commadity ow formulation to parallel disk systems.With minor modi cations
of the original network we are able to apply the algorithm by Kamath et al. [6]
again. We derive a combinatorial algorithm that achievesa D -approximation on
the stall time, using at most D 1 extra memory location in cadce. Thus, the
results presered in [1] can also be obtained using combinatorial techniques.

For parallel disk systems,D is the best approximation factor on the stall
time currently known. This factor D is causedby the fact that the approac
in [1] heavily overestimates the stall times in prefetching/caching scedules:
Stall time is counted separately on eadh disk, i. e. no advantage is taken of the
fact that prefetchesexecutedin parallel simultaneously bene t from a processor



stall time. In Sec.3 we dewelop improved approximation guarantees that are
bounded away from D. We are able to formulate a trade-o. For any z 2 IN,
we achieve an approximation factor of 2(D=2) at the expenseof a running time
that grows exponertially with z. If the number D of disks is constart, we ob-
tain a 2-appraximation. For the special caseD = 2 we also give a better 1:5-
approximation. Again, our solutionsneedD 1 extra memory locationsin cade.
The improved approximation algorithms can also be obtained using min-cost
multicommodity o ws. Howewer, for the sake of clarity and due to spacelimita-
tions we presernt an LP-formulation in this extended abstract.

2 Modeling IPC by Network Flows

We rst considersingledisk systems.We build up our combinatorial algorithm in
se\eral steps.Givenarequestsequence , we rst construct anetwork G = (V;E)
with seweral commadities such that an integral min-cost ow corresponds to
an optimal prefetching/caching schedule for , and vice versa. Of course, an
algorithm for computing min-cost multicommodity ows does not necessarily
return anintegral ow whenapplied to our network. We shaw that a non-integral
ow corresponds to a fractional prefetching/caching scedule in which we can
identify an integral schedule using a technique from [1].

The main problem we are faced with is that we know of no combinatorial
polynomial-time algorithm for computing a (non-integral) min-cost ow in our
network. We solve this problem by applying a combinatorial approximation algo-
rithm by Kamath et al. [6]. Forany " O, 0, the algorithm computesa ow
sudh that a fraction of at least1 " of ead demandin the network is satis ed
and the cost of the ow is at most (1 + ) times the optimum. Unfortunately,
the ow computed by the algorithm, when applied to our network, does not
correspond to a feasible fractional prefetching/caching schedule: It is possible
that (a) more than oneblock is fetched from disk at any time and (b) blocks are
not completely in cache when requested.We rst reducethe ow in the network
to resolwe (a). This reducesthe extent to which blocks are in cade at the time
of their request even further. We then show that, given such ow, we can still
derive an optimal prefetching/caching schedule, provided that " and are chosen

properly.

2.1 The Network

Let be a request sequenceconsisting of n requests. We construct a network
G = (V;E) with n + 1 commadities. Asscciated with ead request (i) is a
commadity i, 1 i n. This commadity hasa sources;, a sink t; and demand
di = 1. Let a bethe block requestedby (i). For eat request (i), weintroduce
verticesx; and x?. Theseverticesare linearly linked, i. e. there are edges(x; ; x?),
1 i n, and edges(x%Xi+1), 1 i n 1, ead with capacity k and
cost 0. Intuitiv ely, this sequenceof vertices and edgesrepreserts the cade. If
commadity i owsthrough (X; ;xlo), then block a; isin cadhewhen () is sened.



Fig. 1. Sketch of the network for request sequenceabcbcand F = 2

To ensurethat a; is in cache when (i) is served, we insert an edge(x?; t;) with
capacity 1 and cost 0, and there are no other edgesinto t; or x?, i. e. commadity
i must passthrough (x;;x?).

Let p; be the time of the previous requestto a;, i. e. p; is the largestj, | < i,
such that a; wasrequestedby (j). If a is requestedfor the rst time in |, then
we setp; = 0. Tosene (i), block a; can (1) remain in cadte after (p;) until
request (i), provided that p; > 0, or can (2) be fetched into cache at sometime
before (i). To model case(1) we introduce an edge(si;xgl), if pp > 0, with
capacity 1 and cost 0. To model case(2) we essetially add edges(s;; x;), for

(j)- For the special casej = i the edgerepreselts a fetch executedimmediately
before (i). Ifi j < F, then the processorhasto stall for F (i j) time units
and hencewe assigna costof F (i j) to edge(s;;x;). Figure 1 illustrates
this construction for the examplary requestsequence = abcbcand fetch time

Sofar our construction allows a ow algorithm to saturate more than one of
the edgesthat correspond to fetchesexecutedsimultaneously (consider, e.g. the
edges(si;Xi 1) and (s; 1;X; 2) for somei sudhthat (i 2), (i 1)and (i)
are pairwise distinct). However, we have to make sure that at most one fetch
operation is executedat any time. Therefore, in our construction we split the
\super edge"(s;; x;) into sewral parts. Forany ", 1~ n 1,let[; + 1) be
the time interval starting at the serviceof (°) and ending immediately before
the serviceof (* + 1). Interval [0;1) is the time beforethe serviceof (1).

We have to consider all the fetches being active at sometime in [; " + 1),
for any xed °. A fetch for a starting at (j), j < i, is activeduring [; " + 1)
for * = j;:::;minfj + F;ig 1. For any xed i andj with 1 i n and
p+1 | <iweintroduceverticesv; andw; where’ = j; :::;minfj + F;ig 1.
These vertices are linked by edgesof capacity 1 and cost 0. More speci cally,
we have edges(v{j ;w{j , = jii;minfj + F;ig 1, and edges(w{j VY b,
Xj with an edgeof cost 0 and capacity 1. Finally we add an edge(si;v{j ), where
"= minfj + F;ig 1, to the rst vertex in this sequencewith costF (i j)
and capacity 1. In this construction we excludedthe casej = i becausea fetch
for g initiated at (i) is somewhatspecial: The fetch is performed completely
before (i), i.e. it doesnot overlap with any request, and the processorstalls



for F time units. The fetch is active at sometime during [i  1;i). We introduce
verticesv}; * and wj * linked by an edgeof capacity 1 and cost0. Vertex w; *
is linked to x; with an edgeof the samecapacity and cost. Finally, we have an
edge(si; V; 1) of capacity 1 and costF.

Next we describe the role of the (n+ 1)-st commadity, which is usedto ensure
that no two prefetchesare performedat the sametime. More precisely we ensure
that at most oneprefetch is executedin any xed interval[; "+1),1 =~ n 1.
For any xed -, let f- bethe number of prefetcheswhoseexecution overlaps with
[ "+ 1),ie i

fr=jfvy j1 1 nmp+1 j igj: (2)
ommodity n + 1 has a source sh+1, a sink ty.; and a demand of d,+; =
" N(F- 1). The ow from sy.y to th.y is routed through the edges(v; ;w;

and newly introduced \subsinks" t,,;, 1 ~ n 1. For any pair of vertices
v; and w; we introduce edges(sn+1;V; ) and (w; ;t,,;) with capacity 1 and
cost 0. Additionally , we insert edges(t, . ;tn+1) With capacity f- 1 and cost
0. Now considera xed interval [; "+ 1),1 ~ n 1. Every prefetch for some
g initiated at (j) that is active at sometime during [; ~ + 1) is represeted by
a\super edge"” (si; x;) and cortains an edge(v{j ;W{j ). For xed ° the network
cortains f- suc edges.The capacitiesf- 1 of the edges(t,,; ;tn+1) ensure
that only one of the edges(v{j ;w{j ) can carry a ow of commadity i, i n.
If two or more such edgeswere carrying ow of commadity i n, then the
capacity constraint would be violated at someedge(t:+l ith+1), for some'°6 °,
or demandd,+; would not be satis ed.

The following lemma statesthat our network correctly modelsIPC on a single
disk. Its proof is omitted in this extended abstract.

Lemma 1. Any feasibleintegral ow of cost C in G correspnds to a feasible
prefetching/caching schelule with stall time C for , and vice versa.

2.2 Prop erties of Optimal Flows

We show that a non-integral ow in our network corresponds to a fractional
prefetching/caching scedule, de ned in the following way.

De nition 2. Given an instance of the problemIPC, we de ne the set of frac-
tional solutions as a superset of the set of integral solutions to the instance. A
fractional solution may deviate from an integral solution in the following way:

{ The amount to which a block residesin cache may take a fractional value
between 0 and 1. However, this amount must be 1 while the block is requesteal.

{ Fractional parts of blocks in cache arise due to partial evictions or partial
fetches For eachtime interval, the net amount of bloacks fetched must not be
larger than the net amount of blocks evicted, and the net amount of blacks
fetched must not exceed 1.

{ Stall times are accounted as follows: If a fetchto 2 [0; 1] units of black (j)
is initiate d starting at the service of referene (i) andj i < F holds, we
incur a stall time of (F (j 1)) time units.



Loosely speaking, the main di erence betweenintegral and fractional solutions
lies in the possibility to interrupt fetchesand to leave parts of a block in cache
between consecutive requeststo it. Regarding the seconditem in the above
de nition we may assumew. l. 0.g. that betweenany two consecutiwe references
to a specic block, the points of time where the block is evicted from cade
precedethe oneswhere the block is fetched bad.

Lemma 3. Let G be the network obtained by transforming a request sequen@

of the problem IPC according to the construction in Sec. 2.1. A valid multi-
commadity ow with cost C within the network G correspnds to a fractional
prefetching/caching schelule with stall time C.

The next lemma follows immeditately from [1]; it was shawn that a fractional
solution is a corvex combination of polynomially many integral solutions.

Lemma 4. Let L be a fractional solution to an input for IPC. There is a
polynomial-time algorithm that computesan integral prefetching/caching schel-
ule L from L where the stall time of L is lessthan or equal to the one of L.

2.3 Applying the Appro ximation Algorithm

We showv how to compute a ow in our network and how to derive an optimal
prefetching/caching schedule. We apply the algorithm by Kamath et al. [6] by
setting " := 1=(4F2n3®) and := 1=(3nF). Thesesettings have beenderived from
the easy-to-seeupper bound d,+1  n?F on the demand of commadity n + 1.
As the approximation algorithm only satises a fraction of 1 " of eah

". Moreover, commadity n+ 1 might lack anamourt of"d,+;  "F n2. Weassume
pessimistically that this leadsto an additional \illegal" ow with value "F n?

fetchesin that interval are not \congested" properly by commadity n + 1.

Let %=1 "dn,+1 " beacrucial lower bound onthe ow of commadities
1;:::;n. We can transform the ow output by the approximation algorithm
into a uniform ow 9 which directs exactly %units of ow from s; to t; for

ow of commadity i proportionally to the relative amourt of ow of commadity
i on the considerededge. Then we end up with a uniform ow © which does
not \overow" any interval ['; "~ + 1) and delivers the same amount for eadh
commadity.
In view of De nition 2 and the equivalencedescribedin Lemma3,the ow ©
correspondsto a fractional solution to IPC in which all blocks have size % Flow
O correspondsto a fractional solution to IPC in which all blocks have size %and
the number of cadhe slots is upper bounded by k=%hereinafter we call such a
solution a %solution. According to Lemma 4, we may interpret the fractional
solution which correspondsto  %asa corvex combination of integral %solutions.
In order to analyzethe quality of the above-descriked convex combination of
integral %solutions, we have to establish a lower bound on % As d+;1 FnZ,



we obtain % 1 "dp+a " 1 2'dp+1 1 1=2nF. Next we estimate
the cost C of the corvex combination of %solutions. Since the approximation
algorithm outputs ows with costat most (1+ ) OPT, where OPT is the cost
of an optimal sctedule, and reducing ows to %does never increase cost, the
following upper bound on C holds:

C (1+ )OPT = OPT =3nF)+ OPT OPT+1=3 sinceOPT nF : (2)

We underestimated the cost C of the convex combination of %solutions by
an additive term of at most n(1  %F. This is due to the fact that ead block
corresponding to a specic commadity has size 1 in reality, but size %in the
corvex conmbination. By increasingthe block size (or, equivalertly, the ow of
the corresponding commadity), the cost can rise by at most (1  %F. Hence,
the cost CP of the corvex combination of integral solutions is at most

C® C+n(l %F OPT+1=3+ nF=2nF < OPT +1 : ©)

From C%< OPT +1 we concludethat the corvex combination cortains at
least oneintegral solution with optimal costs.As the number of possibleintegral
solutions is bounded by F n? (see[1]), an optimal componert, i. e. integral solu-
tion, within the corvex composition can be computed in polynomial time. How-
ever, eadh integral solution originates from a %solution where a block has size
% Sincethe cadeis still k large, it remainsto prove that no integral componert
of the convex composition doeshold more than k blocks in cace concurrertly.

Since,w.l. 0.g., k=(nF) < 1 holds, the number of blocks of size %held con-
currently in cade is at most

k k

% 1 5

becausgl "9 ' 1+ 2'%forany "°2 [0; 1=2]. Therefore, (k+ 1)%> k holds,and
we would obtain a cortradiction if an integral solution held more than k pagesin
cache concurrertly. Finally, this implies that we have found a feasibleand optimal
prefetching/caching schedule. The overall running time of the approximation
algorithm is O (" 2 3¢EjjVj?), where ¢ denotesthe number of commadities
and O means\up to logarithmic factors". AsjVj = O(n?) andjEj = O(n?), we
obtain the polynomial upper bound O ((nF)3(n3F?)3(n + 1)n?n%) = O (n18).
Now we state the main result of this section.

1
k 1+ — <k+1 4
nF “)

Theorem 5. An optimal solution to an input for IPC can be computed by a
combinatorial algorithm in polynomial time.

2.4 Generalization to Multiple Disks

The solution developed for single disk systemscan be generalizedto multiple
disks. Due to spacelimitations, we only state the main result here.

Theorem 6. There is a combinatorial polynomial-time algorithm which com-
putes a D-approximation to an input for IPC if the number of disksis D and
there are D 1 slots of extra cache available.



3 Impro ving the Appro ximation Factor

In this sectionwe return to the linear program by Alb ers, Garg and Leonardi [1]
for the multiple disk caseand improve its approximation factor. If the number D
of disks is constart, we achieve a 2-appraximation. We know that our approac
leads to a linear program which can also be stated as a min-cost multicom-
modity ow problem. We omit that represenation aswe considerthe improved
approximation guarantee to be the most important contribution.

3.1 Bundling Interv als

The drawbadk of the LP formulation by Albers, Garg and Leonardi [1] is that
it overestimatesthe stall time of prefetching/caching schedules.We present an
LP that counts stall time more accurately. As in [1] we represen time periods
in which fetch operations are executed by open intervals | = (i;j), with i =

sequence.Such an interval | = (i;j) corresponds to the time period starting
after the service of (i) and ending before the service of (j). Its length is
jlj=j i L1L.Ifjlj< F,then F jlj units of stall time must be scheduledin
the fetch operation. Sincefetchestake F time units, we can restrict ourselvesto
intervalswith j i+ F + 1. For eat potential interval | we introducea copy | ¢

LP in [1] determineswhich intervals of | should execute prefetches. Stall times
are courted separatelyfor the intervals and disks, which causeghe overestimate.

The main idea of our LP is to form bundes of intervals and treat eadt
bundle asa unit: In any bundle either all the intervals or no interval will execute
a fetch. We next introduce the notion of bundles and need one property of
optimal prefetching/caching schedules.An interval | = (iy;i2) properly contains
interval J = (j1;j2) (which is not necessarilyasseiated with the samedisk) if
i1 <jpandj, < i, hold. The proof of the next lemma is omitted.

Lemma 7. An optimal (fractional or integral) prefetching/caching schelule for
a systemwith D disks does not include fetch intervals properly containing each
other.

De nition 8. A setof intervals B, jBj 6 ;, is called a bundle if B contains
at most one interval from each disk and is overlapping. A set of intervals B is
called overlappingif it includes no intervals properly containing each other but
hasfor all but onel = (iy;i2) 2 B someinterval J = (j1;j2) 2 B, J 6 |, such
that j; iy and J overlapswith |. Two intervals | = (i1;i2) and J = (j1;]2),
i1 1, are called overlappingif eitherj; < i, 1lisvalid, orj; =i, 1and
additionally i, i; 1< F hold.

Fix az2 IN with z D. Wewill bundle intervals from up to z disks. In this
extendedabstract we assumefor simplicity that D=z 2 IN. We patrtition the disk
setinto D=z setsf1;:::;zg;fz+ 1;:::;2zq;:::;fD z+ 1;:::;Dg. Now let B,
be the set of all the bundles composedof intervals from | , with the additional



restriction that the intervals of a bundle must comefrom the samesubsetof the
disk partition. One can shaw that jB,j n(F + 1)¥?*(D=2)z!.

We are nearly ready to state the extendedlinear program for IPC and D > 1.
For ead bundle B 2 B,, we introduce a variable x(B) which is setto 1if a
prefetch is performed in all intervals in bundle B, and is set to 0 otherwise. In
order to specify which blocks are fetched and evicted we usevariablesf,«., and
€a forall 1921 andall blocks a. Variable f|q., (respectively g q.,) is equalto
1if ais fetched (respectively evicted) in |1 9. Of courseg ., = f 4., = 0if a does
not reside on disk d. For a bundle B 2 B,, let s(B) be the minimum stall time
neededto executefetchesin all the intervals of B assumingthat no other fetch
operations are performed in the schedule. The value s(B) can be computed as

by sorting them by increasingend index, whereintervalswith the sameendindex
are sorted by increasingstart index breaking ties arbitrarily . One can easily verify
that in an optimal schedule for B, stall times occur at the end of intervals, the
fetch in (ap;by) is started at the latest point in time (i. e. immediately before
requesta, if by 6 a; and after a; otherwise) whereasthe fetchesin (a;;h), i 2,
are started at the earliest point in time. We determine the amourts of stall times
neededat the end of intervals. Let i1;is;:::;imo with m® m be the sequence

and keeping only the indices i; suc that b,.1 6 h,. By de nition, ip := 0
and b, := 0. Forj = 1;:::;mf interval (a; ;b,) is the shortest interval with
end index b; and determinesthe stall time to be inserted before that request.

The function h: fh,;:::;0b _,9! IN that indicates the actual stall time needed
beforerequesth; is de ned inductively, for j = 1;:::; m©, as follows:

n X o]
h(h;) ==max OGGF (b, & 1) h(r)

r2f bil;:::;bij B r 2f aij +1 ;:::;bij 19
N iy P o
Using this de nition we haves(B) :=  /2; h(b,).

d:Bz! | ,where 4(B)=11if 1 2 B and| resideson disk d, and 4(B) = ;
if B cortains no interval assaiated with disk d. The value of 4 is well de ned
sinceat most oneinterval from ead disk is part of a bundle. Now the extended
linear program readsas follows. Minimize the objective function

x(B)s(B) (5)
B2B,
subject to
X
8i2f1;:::;ng;8d x(B) 1 (6)
X )B(zsz: a(B) (i 1;iX+1)
8d;819  flaa=  €oa x(B) (7)

a a B2B,: q(B)=14



X X

8a;8i 2f1;:::;n,0 fl.a= ga 1 (8)
X 121 :1 (ai ;A +1 ) |§(| o (ai yai+1 )
8a fl.a=1; 8a ga=0 (9)
121 .1 (0;a1) X 121 1 (0);(&1)
8a;8i 2 f1;:::;na0 fl.a= e.a=0 (10)
121 01 (a 1a;+1) 121 ;1 (a 1;ai+l)
8l 21;8a fia;e42f01g (1D
8B 2B, x(B)2f0;1g : (12)

Here we have taken over someterminology from the original formulation in [1].
The rst setof contraints ensuresthat for eat disk and ead point of time, the
amournt of fetch is at most 1. The secondset of constraints guaranteesfor eah
interval on every disk that the amourt of blocks fetchedin the interval is at most
the overall amourt of blocks evicted in that interval. For a speci ¢ interval | 9,
we allow a bundle variable x(B), where B corntains |19, to take value 1; obsene
that B might consistof | ¢ asthe only elemern. If a bundle variable x(B) is 1, the
secondset of constraints allows fetchesin all intervals belongingto the bundle.
Pleasenote that constraint (6) only ensuresthat at most one prefetch operation
may be executedwhile serving a request. Especially, it allows prefetchesto be
started in the midst of stall times, such the exact point of time where a prefetch
is started may be unspeci ed if there is stall time at the beginning of an interval.
We will arguelater that this freedomis justi ed. Constraints (8){(11) have been
adapted from the LP formulation in [1] and ensurethat a block is in cache at the
time of its reference.The objective function nally counts the s-values, which
are related to parallel stall times, for bundles whosevariables are 1. It remains
to prove that a solution to the extendedlinear program inducesa valid schedule
whosestall time is courted at least onceby the value of the objective function.

Consider an arbitrary integer solution to the extended LP, which speci es
an assignmen to the variablesf, .5; € .4 and x(B). Using f,.; and e .5, we know
betweenwhich requestsa prefetch operation must be started, but may choose
the exact point of time of the start if the related requestsare intermitted by stall
time. Weinductiv ely construct a schedulewhosestall time is boundedfrom above
by the value of the objective function. First, we sort the bundles B for which
x(B) = 1 holds by increasingmaximum end index (of the intervalsin the bundle)

those blocks whosevariables f,., and e ., have beensetto 1 and | 2 B,. We
use the notation introduced for de ning the stall times s(B) on page 9. Let

possible point in time. More precisely if a; < by, we start the fetch with the
serviceof requesta; + 1; otherwisethe fetch is scheduledimmediately beforethe



serviceof by. The fetchesin (aj;[3), i 2, are started at the earliest point in time
after a; suc that the required disk is available. The de nition of the h-values
ensuresthat we resene at least F time units for ead fetch irrespectively of stall

fact, a resened time interval might even be longer. Howe\er, this is no problem.
The fetch simply completes after F time units and the corresponding disk is
then idle for the rest gf the interval. Thus, the constructed schedule is feasible

and we insert exactly J_m:l s(B;) units of stall time.

3.2 Achieving the (2D =z)-Appro Ximation

Lemma 9. The extende linear program for D disks has an integral solution of
cost at most (2D=z) OPT.

Proof. Suppose we have been given an optimal integral prefetching/caching
sthedule of stall time OPT. We restrict ourselvesto an arbitrary subsetof the
partition

Dfz 1

fiz+ 1jiz+ 2;:::;iz+ zg (13)

program. Repeating this processfor all the subsetsof the above partition, we
obtain an assignmem to all the variables x(B) for B 2 B,. As the objective
function is separablewith respectto the bundlesin B, and thereforewith respect
to the (D =2) subsetsof the above partition, we court a speci c stall time in the
optimal prefetching/caching schedule at most 2(D=2) times.

By 1% 1 we denote the set of all intervals assa&iated with the disk set

no intervals properly cortaining ead other in the set| °. Therefore, we can order
the intervalsin | °by increasingstart points and (if theseare equal) by increasing

endpoints. Let I ;:::; 1, bethe resulting sequenceWe partition |1 %into bundles
accordingto the following greedy algorithm.
B :=;
for j = 1;:::;mdo

if interval I; [ B is a bundle then setB := I; [ B

else output B asan elemert of the partition and setB = ;.
Let By [ [ B, " m, be the partition of | © obtained by this process.
Our solution to the linear program is constructed by setting x(Bj) to 1 for
j 2 f1;:::;°0. The variablesf, ., and e ., are set accordingto which blocks are

fetched in the intervals of the consideredbundle. This processis repeated for
ead subsetof the partition (13) of the disk set. All remaining variables are zero.



times in the optimal schedule betweenthe start of the rst fetch in B; and the
Bompletion of the last fetch in B; . Obviously, s(B;)  s%B;). One canshow that

i=1 sYBj) 2 OPT , which implies that the value of the objective function
is at most 20PT. t

Lemma 9 implies that there is alsoa fractional solution to the extendedLP with
costat most (2D =z) OPT. Using techniquesfrom [1], we can corvert a fractional
solution to the extended LP with cost C to an integral prefetching/caching
sthedulewith stall time C if D 1 extra memory locationsin cace are available.
Thus we obtain an approximation algorithm of factor 2D =z.

with D=z 2 IN there is a algorithm with running time O(p(n) n (F + 1)*z!)
that computesa 2D =z-approximation for IPC provided that D 1 extra memory
locations are availablein cache.

Finally, for D = 2 the extended linear program does not seemto give an
improved approximation. However, in this special case,we can shov an even
better approximation factor of 1:5.

Lemma 11. If D = 2, the extendel linear program with z = 2 has an integral
solution of cost at most 1:5 OPT.
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