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Abstract. We study integrated prefetching and caching in single and
parallel disk systems. A recent approach used linear programming to
solve the problem. We show that integrated prefetching and caching can
also be formulated as a min-cost multicommo dit y 
o w problem and, ex-
ploiting special properties of our network, can be solved using combinato-
rial techniques. Moreover, for parallel disk systems,we develop improved
approximation algorithms, trading performance guarantee for running
time. If the number of disks is constant, we achieve a 2-approximation.

1 In tro duction

In today's computer systemsthere is a large gap betweenprocessorspeedsand
memory accesstimes, the latter usually being the limiting factor in the per-
formance of the overall system. Therefore, computer designersdevote a lot of
attention to building improved memory systems,which typically consist of hard
disks and associated caches. Caching and prefetching are two very well-known
techniques for improving the performance of memory systemsand, separately,
havebeenthe subject of extensivestudies.Caching strategiestry to keepactively
referencedmemory blocks in cache, ignoring the possibility of reducing processor
stall times by prefetching blocks into cache beforetheir actual reference.On the
other hand, most of the previouswork on prefetching tries to predict the memory
blocks requestednext, not taking into account that blocks must be evicted from
cache in order to make room for the prefetched blocks. Only recently researchers
have beenworking on an integration of both techniques [1{5, 7].

Cao et al. [3] and Kimbrel and Karlin [7] intro duced a theoretical model for
studying \In tegrated Prefetching and Caching" (IPC) that wewill alsousein this
paper. We �rst consider single disk systems.A set S of memory blocks resides
on one disk. At any time a cache can store k of theseblocks. The system must
serve a requestsequence� = � (1); : : : ; � (n), where each request � (i ), 1 � i � n,
speci�es a memory block. The serviceof a request takesone time unit and can
only be accomplishedif the requestedblock is in cache. If a requestedblock is
not in cache, it must be fetched from disk, which takes F time units, where
F 2 IN. If a missing block is fetched immediately before its reference,then the
processorhas to stall for F time units. However, a fetch may also overlap with
the serviceof requests.If a fetch is started i time units beforethe next reference



to the block, then the processorhas to stall for only maxf 0; F � ig time units. In
casei � 1, we have a real prefetch. Of course,at most one fetch operation may
be executedat any time. Once a fetch is initiated, a block must be evicted from
cache in order to make room for the incoming block. The goal is to minimize the
processorstall time, or equivalently the elapsed time, which is the sum of the
processorstall time and the length n of the request sequence.

In parallel disk systems with D disks we have D sets of memory blocks
S1; : : : ; SD , where Sd is the set of blocks that reside on disk d, 1 � d � D . We
assumethat each block in the system is located on only one of the disks. The
main advantage of parallel disk systemsis that blocks from di�eren t disks may
be fetched in parallel. Thus if the processorhas to stall at somepoint in time,
then all the fetchescurrently being active advancetowards completion. If a fetch
is initiated, we may evict any block from cache, which corresponds to the model
that blocks are read-only. Again the goal is to minimize the processorstall time.

Cao et al. [3,4] studied IPC in single disk systems.They presented simple
combinatorial algorithms, called conservativeand aggressive, that run in polyno-
mial time and approximate the elapsedtime. Conservative achievesan approxi-
mation factor of 2, whereasaggressiveachievesa better factor of minf 2; 1+ F=kg.
Karlin and Kimbrel [7] investigatedIPC in parallel disk systemsand presented a
polynomial-time algorithm whoseapproximation guarantee on the elapsedtime
is (1 + DF=k). In [1] Alb ers, Garg and Leonardi developed a polynomial-time
algorithm that computesan optimal prefetching/caching schedule for singledisk
systems.For parallel disk systemsthey developed a polynomial-time algorithm
that approximates the stall time. The algorithm achievesan approximation fac-
tor of D , using at most D � 1 extra memory locations in cache. All the results
presented in [1] are basedon a linear program formulation.

In this paper we show that IPC in single and parallel disk systemscan be
formulated as a min-cost multicommodit y 
o w problem and, exploiting special
properties of the network, can be solved using combinatorial methods. These
results are presented in Sec.2. We �rst investigate the single disk problem. We
describe the construction of the network and establishrelationshipsbetweenmin-
cost multicommodit y 
o ws and prefetching/caching schedules.We prove that a
combinatorial approximation algorithm by Kamath et al. [6] for computing min-
cost multicommodit y 
o ws, when applied to our network, computesan optimal
prefetching/caching schedule in polynomial time. We then generalizeour multi-
commodit y 
o w formulation to parallel disk systems.With minor modi�cations
of the original network we are able to apply the algorithm by Kamath et al. [6]
again. We derive a combinatorial algorithm that achievesa D-approximation on
the stall time, using at most D � 1 extra memory location in cache. Thus, the
results presented in [1] can also be obtained using combinatorial techniques.

For parallel disk systems, D is the best approximation factor on the stall
time currently known. This factor D is causedby the fact that the approach
in [1] heavily overestimates the stall times in prefetching/caching schedules:
Stall time is counted separately on each disk, i. e. no advantage is taken of the
fact that prefetchesexecutedin parallel simultaneously bene�t from a processor



stall time. In Sec. 3 we develop improved approximation guarantees that are
bounded away from D. We are able to formulate a trade-o�. For any z 2 IN,
we achieve an approximation factor of 2(D=z) at the expenseof a running time
that grows exponentially with z. If the number D of disks is constant, we ob-
tain a 2-approximation. For the special caseD = 2 we also give a better 1:5-
approximation. Again, our solutions needD � 1 extra memory locations in cache.
The improved approximation algorithms can also be obtained using min-cost
multicommodit y 
o ws. However, for the sake of clarit y and due to spacelimita-
tions we present an LP-formulation in this extendedabstract.

2 Mo deling IPC by Net work Flo ws

We�rst considersingledisk systems.Webuild up our combinatorial algorithm in
several steps.Givena requestsequence� , we�rst construct a network G = (V; E )
with several commodities such that an integral min-cost 
o w corresponds to
an optimal prefetching/caching schedule for � , and vice versa. Of course, an
algorithm for computing min-cost multicommodit y 
o ws does not necessarily
return an integral 
o w whenapplied to our network. Weshow that a non-integral

o w corresponds to a fractional prefetching/caching schedule in which we can
identify an integral schedule using a technique from [1].

The main problem we are faced with is that we know of no combinatorial
polynomial-time algorithm for computing a (non-integral) min-cost 
o w in our
network. We solve this problem by applying a combinatorial approximation algo-
rithm by Kamath et al. [6]. For any " � 0, � � 0, the algorithm computesa 
o w
such that a fraction of at least 1 � " of each demand in the network is satis�ed
and the cost of the 
o w is at most (1 + � ) times the optimum. Unfortunately ,
the 
o w computed by the algorithm, when applied to our network, does not
correspond to a feasible fractional prefetching/caching schedule: It is possible
that (a) more than oneblock is fetched from disk at any time and (b) blocks are
not completely in cache when requested.We �rst reducethe 
o w in the network
to resolve (a). This reducesthe extent to which blocks are in cache at the time
of their request even further. We then show that, given such 
o w, we can still
derive an optimal prefetching/caching schedule,provided that " and � are chosen
properly.

2.1 The Net work

Let � be a request sequenceconsisting of n requests.We construct a network
G = (V; E ) with n + 1 commodities. Associated with each request � (i ) is a
commodit y i , 1 � i � n. This commodit y has a sourcesi , a sink t i and demand
di = 1. Let ai be the block requestedby � (i ). For each request� (i ), we intro duce
verticesx i and x0

i . Theseverticesare linearly linked, i. e. there are edges(x i ; x0
i ),

1 � i � n, and edges(x0
i ; x i +1 ), 1 � i � n � 1, each with capacity k and

cost 0. Intuitiv ely, this sequenceof vertices and edgesrepresents the cache. If
commodit y i 
o ws through (x j ; x0

j ), then block ai is in cache when � (j ) is served.
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Fig. 1. Sketch of the network for request sequenceabcbcand F = 2

To ensurethat ai is in cache when � (i ) is served, we insert an edge(x0
i ; t i ) with

capacity 1 and cost 0, and there are no other edgesinto t i or x0
i , i. e. commodit y

i must passthrough (x i ; x0
i ).

Let pi be the time of the previous request to ai , i. e. pi is the largest j , j < i ,
such that ai wasrequestedby � (j ). If ai is requestedfor the �rst time in � , then
we set pi = 0. To serve � (i ), block ai can (1) remain in cache after � (pi ) until
request � (i ), provided that pi > 0, or can (2) be fetched into cache at sometime
before � (i ). To model case(1) we intro duce an edge (si ; x0

pi
), if pi > 0, with

capacity 1 and cost 0. To model case(2) we essentially add edges(si ; x j ), for
j = pi + 1; : : : ; i , indicating that a fetch for ai is initiated starting at the serviceof
� (j ). For the special casej = i the edgerepresents a fetch executedimmediately
before� (i ). If i � j < F , then the processorhas to stall for F � (i � j ) time units
and hencewe assigna cost of F � (i � j ) to edge(si ; x j ). Figure 1 illustrates
this construction for the examplary request sequence� = abcbcand fetch time
F = 2. Edgesoutgoing of a sourcesi , i 2 f 1; : : : ; 5g, are labeled with their cost.

So far our construction allows a 
o w algorithm to saturate more than one of
the edgesthat correspond to fetchesexecutedsimultaneously (consider, e.g. the
edges(si ; x i � 1) and (si � 1; x i � 2) for somei such that � (i � 2), � (i � 1) and � (i )
are pairwise distinct). However, we have to make sure that at most one fetch
operation is executed at any time. Therefore, in our construction we split the
\super edge" (si ; x j ) into several parts. For any `, 1 � ` � n � 1, let [`; ` + 1) be
the time interval starting at the serviceof � (`) and ending immediately before
the serviceof � (` + 1). Interval [0; 1) is the time before the serviceof � (1).

We have to consider all the fetches being active at sometime in [`; ` + 1),
for any �xed `. A fetch for ai starting at � (j ), j < i , is active during [`; ` + 1)
for ` = j; : : : ; minf j + F; ig � 1. For any �xed i and j with 1 � i � n and
pi + 1 � j < i we intro duceverticesv`

ij and w`
ij where` = j; : : : ; minf j + F; ig� 1.

These vertices are linked by edgesof capacity 1 and cost 0. More speci�cally ,
we have edges(v`

ij ; w`
ij ), ` = j; : : : ; minf j + F; ig � 1, and edges(w`

ij ; v` � 1
ij ),

` = j + 1; : : : ; minf j + F; ig� 1. The last vertex in this sequence,wj
ij , is linked to

x j with an edgeof cost 0 and capacity 1. Finally we add an edge(si ; v`
ij ), where

` = minf j + F; ig � 1, to the �rst vertex in this sequencewith cost F � (i � j )
and capacity 1. In this construction we excluded the casej = i becausea fetch
for ai initiated at � (i ) is somewhat special: The fetch is performed completely
before � (i ), i. e. it does not overlap with any request, and the processorstalls



for F time units. The fetch is active at sometime during [i � 1; i ). We intro duce
vertices vi � 1

i;i and wi � 1
ii linked by an edgeof capacity 1 and cost 0. Vertex wi � 1

ii
is linked to x i with an edgeof the samecapacity and cost. Finally, we have an
edge(si ; vi � 1

ii ) of capacity 1 and cost F .
Next we describe the role of the (n+ 1)-st commodit y, which is usedto ensure

that no two prefetchesare performedat the sametime. More precisely, we ensure
that at most oneprefetch is executedin any �xed interval [`; ` + 1), 1 � ` � n � 1.
For any �xed `, let f ` be the number of prefetcheswhoseexecutionoverlapswith
[`; ` + 1), i. e.

f ` = jf v`
ij j 1 � i � n; pi + 1 � j � igj : (1)

Commodit y n + 1 has a source sn +1 , a sink tn +1 and a demand of dn +1 =P n � 1
` =1 (f ` � 1). The 
o w from sn +1 to tn +1 is routed through the edges(v`

ij ; w`
ij )

and newly intro duced \subsinks" t `
n +1 , 1 � ` � n � 1. For any pair of vertices

v`
ij and w`

ij we intro duce edges(sn +1 ; v`
ij ) and (w`

ij ; t `
n +1 ) with capacity 1 and

cost 0. Additionally , we insert edges(t `
n +1 ; tn +1 ) with capacity f ` � 1 and cost

0. Now considera �xed interval [`; ` + 1), 1 � ` � n � 1. Every prefetch for some
ai initiated at � (j ) that is active at sometime during [`; ` + 1) is represented by
a \super edge" (si ; x j ) and contains an edge(v`

ij ; w`
ij ). For �xed ` the network

contains f ` such edges.The capacities f ` � 1 of the edges(t `
n +1 ; tn +1 ) ensure

that only one of the edges(v`
ij ; w`

ij ) can carry a 
o w of commodit y i , i � n.
If two or more such edgeswere carrying 
o w of commodit y i � n, then the
capacity constraint would be violated at someedge(t ` 0

n +1 ; tn +1 ), for some`0 6= `,
or demand dn +1 would not be satis�ed.

The following lemmastatesthat our network correctly modelsIPC on a single
disk. Its proof is omitted in this extendedabstract.

Lemma 1. Any feasible integral 
ow of cost C in G corresponds to a feasible
prefetching/caching schedule with stall time C for � , and vice versa.

2.2 Prop erties of Optimal Flo ws

We show that a non-integral 
o w in our network corresponds to a fractional
prefetching/caching schedule, de�ned in the following way.

De�nition 2. Given an instance of the problemIPC, we de�ne the set of frac-
tional solutions as a superset of the set of integral solutions to the instance. A
fractional solution may deviate from an integral solution in the following way:

{ The amount to which a block residesin cache may take a fractional value
between 0 and 1. However,this amount must be 1 while the block is requested.

{ Fractional parts of blocks in cache arise due to partial evictions or partial
fetches. For each time interval, the net amount of blocks fetched must not be
larger than the net amount of blocks evicted, and the net amount of blocks
fetched must not exceed 1.

{ Stall times are accounted as follows: If a fetch to � 2 [0; 1] units of block � (j )
is initiate d starting at the service of reference � (i ) and j � i < F holds, we
incur a stall time of � (F � (j � i )) time units.



Loosely speaking, the main di�erence between integral and fractional solutions
lies in the possibility to interrupt fetchesand to leave parts of a block in cache
between consecutive requests to it. Regarding the second item in the above
de�nition we may assumew. l. o.g. that betweenany two consecutive references
to a speci�c block, the points of time where the block is evicted from cache
precedethe oneswhere the block is fetched back.

Lemma 3. Let G be the network obtained by transforming a request sequence
� of the problem IPC according to the construction in Sec. 2.1. A valid multi-
commodity 
ow with cost C within the network G corresponds to a fractional
prefetching/caching schedule with stall time C.

The next lemma follows immeditately from [1]; it was shown that a fractional
solution is a convex combination of polynomially many integral solutions.

Lemma 4. Let L be a fractional solution to an input for IPC. There is a
polynomial-time algorithm that computesan integral prefetching/caching sched-
ule L � from L where the stall time of L � is lessthan or equal to the one of L .

2.3 Applying the Appro ximation Algorithm

We show how to compute a 
o w in our network and how to derive an optimal
prefetching/caching schedule. We apply the algorithm by Kamath et al. [6] by
setting " := 1=(4F 2n3) and � := 1=(3nF ). Thesesettings have beenderived from
the easy-to-seeupper bound dn +1 � n2F on the demand of commodit y n + 1.

As the approximation algorithm only satis�es a fraction of 1 � " of each
commodit y, the 
o w out of each sourcesi , i 2 f 1; : : : ; ng, is lower boundedby 1�
" . Moreover, commodit y n+ 1 might lack an amount of "dn +1 � "F n2. Weassume
pessimistically that this leads to an additional \illegal" 
o w with value "F n2

during a time interval [`; ` + 1), ` 2 f 1; : : : ; n � 1g, in so far asedgesrepresenting
fetchesin that interval are not \congested" properly by commodit y n + 1.

Let %:= 1 � "dn +1 � " be a crucial lower bound on the 
o w of commodities
1; : : : ; n. We can transform the 
o w � output by the approximation algorithm
into a uniform 
o w � 0 which directs exactly %units of 
o w from si to t i for
any commodit y i 2 f 1; : : : ; ng. The main idea is to reduce, for each edge, the

o w of commodit y i proportionally to the relative amount of 
o w of commodit y
i on the considerededge.Then we end up with a uniform 
o w � 0 which does
not \over
o w" any interval [`; ` + 1) and delivers the same amount for each
commodit y.

In view of De�nition 2 and the equivalencedescribed in Lemma 3, the 
o w � 0

corresponds to a fractional solution to IPC in which all blocks have size%. Flow
� 0 correspondsto a fractional solution to IPC in which all blocks have size%and
the number of cache slots is upper bounded by k=%|hereinafter we call such a
solution a %-solution. According to Lemma 4, we may interpret the fractional
solution which correspondsto � 0 asa convex combination of integral %-solutions.

In order to analyzethe quality of the above-described convex combination of
integral %-solutions, we have to establish a lower bound on %. As dn +1 � F n2,



we obtain %� 1 � "dn +1 � " � 1 � 2"dn +1 � 1 � 1=2nF . Next we estimate
the cost C of the convex combination of %-solutions. Since the approximation
algorithm outputs 
o ws with cost at most (1 + � ) OPT, where OPT is the cost
of an optimal schedule, and reducing 
o ws to %does never increasecost, the
following upper bound on C holds:

C � (1 + � ) OPT = OPT =(3nF ) + OPT � OPT +1=3 sinceOPT � nF : (2)

We underestimated the cost C of the convex combination of %-solutions by
an additiv e term of at most n(1 � %)F . This is due to the fact that each block
corresponding to a speci�c commodit y has size 1 in reality, but size %in the
convex combination. By increasing the block size (or, equivalently , the 
o w of
the corresponding commodit y), the cost can rise by at most (1 � %)F . Hence,
the cost C0 of the convex combination of integral solutions is at most

C0 � C + n(1 � %)F � OPT +1=3 + nF =2nF < OPT +1 : (3)

From C0 < OPT +1 we conclude that the convex combination contains at
least oneintegral solution with optimal costs.As the number of possibleintegral
solutions is bounded by F n2 (see[1]), an optimal component, i. e. integral solu-
tion, within the convex composition can be computed in polynomial time. How-
ever, each integral solution originates from a %-solution where a block has size
%. Sincethe cache is still k large, it remains to prove that no integral component
of the convex composition doeshold more than k blocks in cache concurrently .

Since,w. l. o.g., k=(nF ) < 1 holds, the number of blocks of size %held con-
currently in cache is at most

k
%

�
k

1 � 1
2nF

� k
�

1 +
1

nF

�
< k + 1 (4)

because(1� "0) � 1 � 1+ 2"0 for any "0 2 [0; 1=2]. Therefore,(k+ 1)%> k holds,and
we would obtain a contradiction if an integral solution held more than k pagesin
cacheconcurrently . Finally, this implies that wehavefound a feasibleand optimal
prefetching/caching schedule. The overall running time of the approximation
algorithm is O� (" � 3� � 3cjE jjV j2), where c denotes the number of commodities
and O� means\up to logarithmic factors". As jV j = O(n2) and jE j = O(n2), we
obtain the polynomial upper bound O� ((nF )3(n3F 2)3(n + 1)n2n4) = O� (n18).
Now we state the main result of this section.

Theorem 5. An optimal solution to an input for IPC can be computed by a
combinatorial algorithm in polynomial time.

2.4 Generalization to Multiple Disks

The solution developed for single disk systemscan be generalizedto multiple
disks. Due to spacelimitations, we only state the main result here.

Theorem 6. There is a combinatorial polynomial-time algorithm which com-
putes a D-approximation to an input for IPC if the number of disks is D and
there are D � 1 slots of extra cacheavailable.



3 Impro ving the Appro ximation Factor

In this sectionwe return to the linear program by Alb ers,Garg and Leonardi [1]
for the multiple disk caseand improve its approximation factor. If the number D
of disks is constant, we achieve a 2-approximation. We know that our approach
leads to a linear program which can also be stated as a min-cost multicom-
modit y 
o w problem. We omit that representation as we consider the improved
approximation guarantee to be the most important contribution.

3.1 Bundling In terv als

The drawback of the LP formulation by Alb ers, Garg and Leonardi [1] is that
it overestimatesthe stall time of prefetching/caching schedules.We present an
LP that counts stall time more accurately. As in [1] we represent time periods
in which fetch operations are executed by open intervals I = (i; j ), with i =
0; : : : ; n � 1 and j = i + 1; : : : ; n, wheren = j� j is the length of the given request
sequence.Such an interval I = (i; j ) corresponds to the time period starting
after the service of � (i ) and ending before the service of � (j ). Its length is
jI j = j � i � 1. If jI j < F , then F � jI j units of stall time must be scheduled in
the fetch operation. Sincefetchestake F time units, we can restrict ourselvesto
intervals with j � i + F + 1. For each potential interval I we intro ducea copy I d

for each disk d 2 f 1; : : : ; Dg. Let I be the resulting set of all theseintervals. The
LP in [1] determineswhich intervals of I should executeprefetches.Stall times
are counted separatelyfor the intervals and disks,which causesthe overestimate.

The main idea of our LP is to form bundles of intervals and treat each
bundle asa unit: In any bundle either all the intervals or no interval will execute
a fetch. We next intro duce the notion of bundles and need one property of
optimal prefetching/caching schedules.An interval I = (i 1; i 2) properly contains
interval J = (j 1; j 2) (which is not necessarilyassociated with the samedisk) if
i 1 < j 1 and j 2 < i 2 hold. The proof of the next lemma is omitted.

Lemma 7. An optimal (fr actional or integral) prefetching/caching schedule for
a systemwith D disks does not include fetch intervals properly containing each
other.

De�nition 8. A set of intervals B , jB j 6= ; , is called a bundle if B contains
at most one interval from each disk and is overlapping. A set of intervals B is
called overlapping if it includes no intervals properly containing each other but
has for all but one I = (i 1; i 2) 2 B someinterval J = (j 1; j 2) 2 B , J 6= I , such
that j 1 � i 1 and J overlapswith I . Two intervals I = (i 1; i 2) and J = (j 1; j 2),
i 1 � j 1, are called overlapping if either j 1 < i 2 � 1 is valid, or j 1 = i 2 � 1 and
additionally i 2 � i 1 � 1 < F hold.

Fix a z 2 IN with z � D . We will bundle intervals from up to z disks. In this
extendedabstract we assumefor simplicit y that D=z 2 IN. We partition the disk
set into D=z setsf 1; : : : ; zg; f z + 1; : : : ; 2zg; : : : ; f D � z + 1; : : : ; Dg. Now let Bz

be the set of all the bundles composedof intervals from I , with the additional



restriction that the intervals of a bundle must comefrom the samesubsetof the
disk partition. One can show that jBz j � n(F + 1)2z (D=z)z!.

We are nearly ready to state the extendedlinear program for IPC and D > 1.
For each bundle B 2 Bz , we intro duce a variable x(B ) which is set to 1 if a
prefetch is performed in all intervals in bundle B , and is set to 0 otherwise. In
order to specify which blocks are fetched and evicted we usevariables f I d ;a and
eI d ;a for all I d 2 I and all blocks a. Variable f I d ;a (respectively eI d ;a ) is equal to
1 if a is fetched (respectively evicted) in I d. Of courseeI d ;a = f I d ;a = 0 if a does
not resideon disk d. For a bundle B 2 Bz , let s(B ) be the minimum stall time
neededto executefetches in all the intervals of B assumingthat no other fetch
operations are performed in the schedule. The value s(B ) can be computed as
follows. Let (a1; b1); : : : ; (am ; bm ) be the sequenceof all intervals in B obtained
by sorting them by increasingend index, whereintervalswith the sameend index
aresortedby increasingstart index breaking ties arbitrarily . Onecaneasilyverify
that in an optimal schedule for B , stall times occur at the end of intervals, the
fetch in (a1; b1) is started at the latest point in time (i. e. immediately before
requesta2 if b1 6= a1 and after a1 otherwise) whereasthe fetchesin (ai ; bi ), i � 2,
are started at the earliest point in time. We determine the amounts of stall times
neededat the end of intervals. Let i 1; i 2; : : : ; i m 0 with m0 � m be the sequence
obtained from b1; : : : ; bm by eliminating multiple occurrencesof the samevalue
and keeping only the indices i j such that bi j +1 6= bi j . By de�nition, i 0 := 0
and bi 0 := 0. For j = 1; : : : ; m0, interval (ai j ; bi j ) is the shortest interval with
end index bi j and determines the stall time to be inserted before that request.
The function h : f bi 1 ; : : : ; bi m 0g ! IN that indicates the actual stall time needed
before request bi j is de�ned inductiv ely, for j = 1; : : : ; m0, as follows:

h(bi j ) := max
n

0; F � (bi j � ai j � 1) �
X

r 2f bi 1 ;::: ;bi j � 1 g : r 2f a i j +1 ;::: ;bi j � 1g

h(r )
o

:

Using this de�nition we have s(B ) :=
P m 0

j =1 h(bi j ).
In order to refer to individial disks,weneedfor d 2 f 1; : : : ; Dg the projections

� d : Bz ! I , where � d(B ) = I if I 2 B and I resideson disk d, and � d(B ) = ;
if B contains no interval associated with disk d. The value of � d is well de�ned
sinceat most oneinterval from each disk is part of a bundle. Now the extended
linear program readsas follows. Minimize the objective function

X

B 2B z

x(B )s(B ) (5)

subject to

8i 2 f 1; : : : ; ng; 8d
X

B 2B z : � d (B ) � ( i � 1;i +1)

x(B ) � 1 (6)

8d;8I d
X

a

f I d ;a =
X

a

eI d ;a �
X

B 2B z : � d (B )= I d

x(B ) (7)



8a; 8i 2 f 1; : : : ; nag
X

I 2I : I � (a i ;a i +1 )

f I ;a =
X

I 2I : I � (a i ;a i +1 )

eI ;a � 1 (8)

8a
X

I 2I : I � (0 ;a 1 )

f I ;a = 1; 8a
X

I 2I : I � (0 ;a 1 )

eI ;a = 0 (9)

8a; 8i 2 f 1; : : : ; nag
X

I 2I : I � (a i � 1;a i +1)

f I ;a =
X

I 2I : I � (a i � 1;a i +1)

eI ;a = 0 (10)

8I 2 I ; 8a f I ;a ; eI ;a 2 f 0; 1g (11)

8B 2 Bz x(B ) 2 f 0; 1g : (12)

Here we have taken over someterminology from the original formulation in [1].
The �rst set of contrain ts ensuresthat for each disk and each point of time, the
amount of fetch is at most 1. The secondset of constraints guarantees for each
interval on every disk that the amount of blocks fetched in the interval is at most
the overall amount of blocks evicted in that interval. For a speci�c interval I d,
we allow a bundle variable x(B ), where B contains I d, to take value 1; observe
that B might consistof I d asthe only element. If a bundle variable x(B ) is 1, the
secondset of constraints allows fetches in all intervals belonging to the bundle.
Pleasenote that constraint (6) only ensuresthat at most oneprefetch operation
may be executedwhile serving a request. Especially, it allows prefetches to be
started in the midst of stall times, such the exact point of time wherea prefetch
is started may be unspeci�ed if there is stall time at the beginning of an interval.
We will argue later that this freedomis justi�ed. Constraints (8){(11) have been
adapted from the LP formulation in [1] and ensurethat a block is in cache at the
time of its reference.The objective function �nally counts the s-values, which
are related to parallel stall times, for bundles whosevariables are 1. It remains
to prove that a solution to the extendedlinear program inducesa valid schedule
whosestall time is counted at least onceby the value of the objective function.

Consider an arbitrary integer solution to the extended LP, which speci�es
an assignment to the variables f I ;a ; eI ;a and x(B ). Using f I ;a and eI ;a , we know
between which requestsa prefetch operation must be started, but may choose
the exact point of time of the start if the related requestsare intermitted by stall
time. Weinductiv ely construct a schedulewhosestall time is boundedfrom above
by the value of the objective function. First, we sort the bundles B for which
x(B ) = 1 holdsby increasingmaximum end index (of the intervals in the bundle)
and, if equality holds, by increasing minimum start index. Let B1; : : : ; Bm be
the resulting sequence.Suppose that we have already constructed a schedule
for B1; : : : ; B r � 1. For bundle B r , we have to schedule fetches and evictions for
those blocks whosevariables f I ;a and eI ;a have been set to 1 and I 2 B r . We
use the notation intro duced for de�ning the stall times s(B ) on page 9. Let
(a1; b1); : : : ; (am ; bm ) be the sequenceof intervals in B r . We �rst insert h(bi ` )
units of stall time before bi ` , ` 2 f 1; : : : ; m0g, and then schedule the fetches in
(ai ; bi ), i 2 f 1; : : : ; mg, as follows. The fetch in (a1; b1) is started at the latest
possible point in time. More precisely, if a1 < b1, we start the fetch with the
serviceof requesta1 + 1; otherwise the fetch is scheduled immediately beforethe



serviceof b1. The fetchesin (ai ; bi ), i � 2, are started at the earliest point in time
after ai such that the required disk is available. The de�nition of the h-values
ensuresthat we reserve at least F time units for each fetch irrespectively of stall
times which are causedby fetches in intervals from bundles B1; : : : ; B r � 1. In
fact, a reserved time interval might even be longer. However, this is no problem.
The fetch simply completes after F time units and the corresponding disk is
then idle for the rest of the interval. Thus, the constructed schedule is feasible
and we insert exactly

P m
j =1 s(B j ) units of stall time.

3.2 Ac hieving the (2D =z)-Appro ximation

Lemma 9. The extended linear program for D disks has an integral solution of
cost at most (2D=z) OPT.

Proof. Suppose we have been given an optimal integral prefetching/caching
schedule of stall time OPT. We restrict ourselves to an arbitrary subset of the
partition

D =z� 1[

i =0

f iz + 1; iz + 2; : : : ; iz + zg (13)

of the disk set f 1; : : : ; Dg. W. l. o.g., this subset is f 1; : : : ; zg. We consideronly
stall times caused by fetches in intervals associated with disks f 1; : : : ; zg. In
the following, we specify an assignment to the variables associated with disks
f 1; : : : ; zg such that the stall time that arisesby executing only the fetches on
disks f 1; : : : ; zg is counted at most twice in the objective funtion of the linear
program. Repeating this processfor all the subsetsof the above partition, we
obtain an assignment to all the variables x(B ) for B 2 Bz . As the objective
function is separablewith respect to the bundlesin Bz and thereforewith respect
to the (D=z) subsetsof the above partition, we count a speci�c stall time in the
optimal prefetching/caching schedule at most 2(D=z) times.

By I 0 � I we denote the set of all intervals associated with the disk set
f 1; : : : ; zg in which prefetches are performed. According to Lemma 7, we have
no intervals properly containing each other in the set I 0. Therefore,we can order
the intervals in I 0 by increasingstart points and (if theseare equal) by increasing
endpoints. Let I 1; : : : ; I m be the resulting sequence.Wepartition I 0 into bundles
according to the following greedyalgorithm.

B := ;
for j = 1; : : : ; m do

if interval I j [ B is a bundle then set B := I j [ B
else output B as an element of the partition and set B := ; .

Let B1 [ � � � [ B ` , ` � m, be the partition of I 0 obtained by this process.
Our solution to the linear program is constructed by setting x(B j ) to 1 for
j 2 f 1; : : : ; `g. The variables f I ;a and eI ;a are set according to which blocks are
fetched in the intervals of the consideredbundle. This processis repeated for
each subsetof the partition (13) of the disk set. All remaining variablesare zero.



In the following, we revert to the subset f 1; : : : ; zg and denote by OPT �

the stall time incurred if counting only fetch intervals associated with disks
f 1; : : : ; zg. For bundles B j , j 2 f 1; : : : ; `g, let s0(B j ) be the sum of the stall
times in the optimal schedule betweenthe start of the �rst fetch in B j and the
completion of the last fetch in B j . Obviously, s(B j ) � s0(B j ). One can show that
P `

j =1 s0(B j ) � 2 � OPT � , which implies that the value of the objective function
is at most 2OPT. ut

Lemma 9 implies that there is alsoa fractional solution to the extendedLP with
cost at most (2D=z) OPT. Using techniquesfrom [1], we can convert a fractional
solution to the extended LP with cost C to an integral prefetching/caching
schedulewith stall time C if D � 1 extra memory locations in cache are available.
Thus we obtain an approximation algorithm of factor 2D=z.

Theorem 10. There is a polynomial p(n) such that for each z 2 f 1; : : : ; Dg
with D=z 2 IN there is a algorithm with running time O(p(n) � n � (F + 1)zz!)
that computesa 2D=z-approximation for IPC provided that D � 1 extra memory
locations are available in cache.

Finally, for D = 2 the extended linear program does not seemto give an
improved approximation. However, in this special case,we can show an even
better approximation factor of 1:5.

Lemma 11. If D = 2, the extended linear program with z = 2 has an integral
solution of cost at most 1:5 � OPT.
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